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Abstract: The article develops mathematical models of a transformer converter of angular 

displacements with a variable active area of a crescent-shaped open ring made of electrically 

insulating non-magnetic and magnetic materials, on which the excitation coils are wound. In 

this case, the magnetic circuit is considered as a circuit with distributed parameters, in which the 

width of the excitation coil is a function of the angular displacement of the controlled object. 

The obtained mathematical models of the magnetic circuit of the transformer converter of 

angular displacements in the form of analytical expressions of the magnetic flux in long 

ferromagnetic rods and the magnetic voltage between them allow us to take into account the 

distribution of the parameters of the magnetic resistance of long ferromagnetic rods and the 

magnetic capacity of the air gap between them, as well as the magnetic capacity of the air gap 

between these rods and a movable ferromagnetic crescent-shaped open ring. Studies have found 

that with an increase in the value of the attenuation coefficient of the magnetic field in the 

magnetic circuit, the working magnetic fluxes decrease, and the degree of nonlinearity of the 

dependence of these fluxes on the angular displacement of the moving part of the converter 

increases. It is shown that these properties are especially strongly manifested in a transformer 

converter of angular displacements with a ferromagnetic crescent-shaped open ring. 

Key words: transformer converter, angular displacement, crescent-shaped open ring, magnetic 

circuit, distributed parameter, linear magnetic resistance, linear magnetic capacitance, magnetic 

flux, magnetic voltage, degree of nonlinearity of flow distribution, magnetic flux propagation 

coefficient, characteristic sections of the magnetic circuit. 

 

 Introduction. In automatic monitoring and control systems for various technological and 

production processes, to obtain reliable information about the angular movements of controlled 

objects, converters of the electromagnetic operating principle, in particular, transformer 

converters, are widely used [1,2]. Compared to other types of converters, they have high reliability 
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and stable metrological characteristics under extreme operating conditions [3,4]. At the same time, 

they have relatively low sensitivity and nonlinear static characteristics [5]. 

Transformer angular displacement converters have been developed at the Electric Power 

Supply Department of the Tashkent State Transport University [6], the design diagram of one of 

them is shown in Fig. 1. 
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Fig.1. Constructive diagram of 

transformer angular displacement 

transducers: 1 – fixed excitation coil; 

2 - sickle-shaped open ring; 3 – 

movable O-shaped magnetic circuit; 

4.5 – sections of the measuring 

winding connected in series and 

accordingly; 6,7 - axle shafts 

mechanically rigidly connected to the 

controlled object. 

Transformer angular displacement transducers contain a stationary excitation coil 1 wound 

on a crescent-shaped open ring 2. Ring 2 is placed in the gap of the O-shaped magnetic circuit 3, 

at the bases of which identical sections of the measuring winding 4 and 5 are concentratedly 

wound, connected to each other in series and in accordance. The end parts of one of the bases of 

the magnetic circuit 3 are mechanically rigidly connected to two axle shafts 6 and 7. 

Transformer angular displacement transducers work as follows. When the excitation 

winding is powered from a source of sinusoidal current, the sinusoidal magnetic flux formed by 

this current is closed along the magnetic circuit, closing through its base, where sections of the 

measuring winding are wound in series and in accordance with each other, inducing in them, 

according to the law of electromagnetic induction, electromotive forces Eout. Electromotive forces 

are proportional to the current (Iev) of the power source and the angular frequency (ω) of its change, 

the number of turns (wv.) of the excitation winding and its active area (Sμδ (α)), as well as the 

number of turns (wout.) measuring winding, those: 

�̇�out. = 𝑗𝜔𝑤out.�̇� = 𝑗𝜔𝑤out.�̇�𝜇𝑆𝜇𝛿(𝛼) = 𝑗𝜔𝑤out.𝐼�̇�𝑣𝑤v.𝜇0
𝑏𝑎

𝛿𝜋
𝛼,      (1) 

here �̇�, �̇�𝜇 –  respectively, magnetic induction and magnetic flux in the active area of the field 

winding coil; 𝜇0 = 4𝜋 ∙ 10
−7[𝐻 ∙ 𝑚−1] – magnetic constant; 𝑆𝜇𝛿(𝛼) =

𝑏𝑎

𝜋
𝛼 – active area of the 
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sector of a fixed crescent-shaped open ring 1, covered by long rods of a movable O-shaped 

magnetic conductor; b – width of long rods; a is the maximum width of a crescent-shaped open 

ring, equal to twice the pitch of the Archimedean spiral; α, αm – angular displacement of the 

moving magnetic conductor and its maximum value. 

The range of converted angular movements in the proposed converter is approximately 

3500. 

When deriving expression (1), the distribution of the parameters of the magnetic circuit of 

the converter under study is not taken into account. This circumstance to some extent reduces the 

accuracy of determining the analytical equation of the static characteristics of the transformer 

angular displacement transducers under consideration. 

In this article, we study the magnetic circuit of the transformer angular displacement 

transducers under consideration, taking into account the distribution of the parameters of the 

magnetic resistance of the long rods of the O-shaped magnetic conductor and the magnetic 

capacitance between them for the following two cases: 1) the coil is wound on a crescent-shaped 

open ring made of electrically insulating and non-magnetic material; 2) the coil is wound on a 

crescent-shaped open ring made of ferromagnetic material. 

In all cases of analysis of magnetic circuits, the nonlinearity of the characteristics of the 

magnetic resistance of the steel part of the magnetic circuit, the bulging flows at the side ends of 

the circuit and in the area of the excitation coil are neglected. These assumptions, as shown in [3], 

do not introduce significant inaccuracies, but significantly simplify the analysis of the magnetic 

circuit under study. 

The design diagram of the linear magnetic circuit under study is shown in Fig. 2. In the 

calculations, the magnetic circuit is represented in the form of an O-shaped magnetic circuit; 

between the parallel long rods, an excitation coil is placed freely with some gaps 𝛿р the active area 

of which changes due to a linear change in its width along the length of the long rods depending 

on the value of the rotation angle of the O-shaped magnetic circuit, those 2𝑥 =
𝑎

𝜋
𝛼 (when the 

rotation angle α of the O-shaped magnetic core changes from 0 to αm, the x coordinate changes 

within the limits: 0 ≤ 𝑥 ≤ 𝑋м). 
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Fig.2. Constructive diagram of the linear magnetic circuit under study 

Considering that the magnetic circuit under consideration is symmetrical with respect to the 

vertical axes 𝑂 − 𝑂′, it is sufficient to consider only one, for example, its left part from this part. 

For the first case, let’s compose the following equations based on Kirchhoff’s laws for the 

corresponding elementary sections of the magnetic circuit with lengths 𝑑𝑥1 and 𝑑𝑥2, respectively 

(Fig. 3) [3]: 

𝑄𝜇𝑥1
′ = 𝑈𝜇𝑥1𝐶𝜇п,             (2) 𝑈𝜇𝑥1

′ = 2𝑍𝜇п𝑄𝜇𝑥1,               (3) 

𝑄𝜇𝑥2
′ = −𝑈𝜇𝑥2𝐶𝜇п,             (4) 𝑈𝜇𝑥2

′ = −2𝑍𝜇п𝑄𝜇𝑥2,               (5) 

where 𝑄𝜇𝑥1 , 𝑄𝜇𝑥2
′ , [𝑊𝑏]; 𝑈𝜇𝑥1 , 𝑈𝜇𝑥2

′ , [𝐴] are respectively, magnetic fluxes in parallel long rods 

and magnetic voltages between them for the corresponding sections; 𝑍𝜇п =
1

𝜇𝜇0𝑏ℎ
, [𝐻−1 ∙

𝑚−1],𝐶𝜇п = 𝜇0
𝑏

𝛿
, [𝐻 ∙ 𝑚−1] – linear values, respectively, of the magnetic resistance of long rods 

and magnetic capacitance of the air gap between them, per unit length of the rods; μ=const–relative 

magnetic permeability of the magnetic core material; 𝑥, 𝑋м – width of the active area of the 

excitation coil along the length of the long rods of the O-shaped magnetic circuit and its maximum 

value, [m]. Geometric dimensions are shown in Fig. 2. 
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а) b) 

Fig.3. Equivalent circuits of elementary sections of the linear magnetic circuit under study 

with coordinates x1 (a) and x2 (b) 

Having differentiated equations (2) and (4) and substituting into them (3) and (4) 

respectively, we obtain the following homogeneous second-order differential equations with 

constant coefficients: 

𝑄𝜇𝑥1
′′ = 2𝑍𝜇п𝐶𝜇п𝑄𝜇𝑥1.         (6) 𝑄𝜇𝑥2

′′ = 2𝑍𝜇п𝐶𝜇п𝑄𝜇𝑥2.             (7) 

The general solution of differential equations (6) and (7), as is known [8], has the following 

form: 

𝑄𝜇𝑥1 = 𝐴1𝑒
𝛾𝑥1 + 𝐴2𝑒

−𝛾𝑥1 ,               (8) 

𝑄𝜇𝑥2 = 𝐴3𝑒
𝛾𝑥2 + 𝐴4𝑒

−𝛾𝑥2 ,         (9) 

where 𝐴1 ÷ 𝐴4 – constants of integration, [𝑊𝑏]; 𝛾 = √2𝑍𝜇п𝐶𝜇п, [𝑚
−1] – speed of propagation of 

the magnetic field in the magnetic circuit. 

From equations (2) and (4) taking into account (8) and (9) for magnetic stresses we obtain 

the following equations: 

𝑈𝜇𝑥1 =
𝛾

𝐶𝜇п
𝐴1𝑒

𝛾𝑥1 −
𝛾

𝐶𝜇п
𝐴2𝑒

−𝛾𝑥1 ,                             (10) 

𝑈𝜇𝑥2 = −
𝛾

𝐶𝜇п
𝐴3𝑒

𝛾𝑥2 +
𝛾

𝐶𝜇п
𝐴4𝑒

−𝛾𝑥2 .                         (11) 

The values of 𝐴1 ÷ 𝐴4 are found based on the following boundary conditions [9]: 

𝑈𝜇𝑥1=0 = −𝑄𝜇𝑥1=0𝑍𝜇0, (12) 𝑄𝜇𝑥1=𝑋м−𝑥 = −𝑄𝜇𝑥2=0,         (13) 

𝑈𝜇𝑥1=𝑋м−𝑥 = 𝐹в − 𝑈𝜇𝑥2=0, (14) 𝑄𝜇𝑥2=𝑥 = 0,    (15) 

where 𝐹в, [𝐴] is the magnetomotive force of the field winding; 𝑍𝜇0 =
𝛿

𝜇𝜇0𝑏ℎ
 - magnetic resistance 

to the base of the O-shaped magnetic circuit, [𝐻−1]. 

Substituting the boundary values 𝑄𝜇𝑥1 , 𝑄𝜇𝑥2 and 𝑈𝜇𝑥1 , 𝑈𝜇𝑥2  into the corresponding equations 

(12)-(15) we obtain the following system of algebraic equations: 

{
 
 

 
 (

𝛾

𝐶𝜇п
− 𝑍𝜇0)𝐴1 − (

𝛾

𝐶𝜇п
+ 𝑍𝜇0)𝐴2 = 0,     

𝐴1𝑒
𝛾(𝑋м−𝑥) + 𝐴2𝑒

−𝛾(𝑋м−𝑥) − 𝐴3 − 𝐴4 = 0,
𝛾

𝐶𝜇п
𝐴1𝑒

𝛾(𝑋м−𝑥) −
𝛾

𝐶𝜇п
𝐴2𝑒

−𝛾(𝑋м−𝑥) −
𝛾

𝐶𝜇п
𝐴3 +

𝛾

𝐶𝜇п
𝐴4 = 𝐹в,̇

𝐴3𝑒
𝛾𝑥 + 𝐴4𝑒

−𝛾𝑥 = 0.

        (16) 

Solving the resulting system of algebraic equations (16) for the unknowns 𝐴1 ÷ 𝐴4, we find 

their following values: 
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𝐴1 =
𝐹қ(𝑍𝜇0𝐶𝜇п + 𝛾)𝑠ℎ(𝛾𝑥)

∆1
,                                       (17) 

𝐴2 =
𝐹қ(𝛾 − 𝑍𝜇0𝐶𝜇п)𝑠ℎ(𝛾𝑥)

∆1
,                                       (18) 

𝐴3 = −
𝐹қ[𝑐ℎ(𝛾𝑥) − 𝑠ℎ(𝛾𝑥)](𝑍𝜇0𝐶𝜇п𝑠ℎ[𝛾(𝑋м − 𝑥)] + 𝛾𝑐ℎ[𝛾(𝑋м − 𝑥)])

∆1
,   (19) 

𝐴4 =
𝐹қ[𝑐ℎ(𝛾𝑥) + 𝑠ℎ(𝛾𝑥)](𝑍𝜇0𝐶𝜇п𝑠ℎ[𝛾(𝑋м − 𝑥)] + 𝛾𝑐ℎ[𝛾(𝑋м − 𝑥)])

∆1
,   (20) 

where ∆1= −
2𝛾

𝐶𝜇п
[𝑍𝜇0𝐶𝜇п𝑠ℎ(𝛾𝑋м) + 𝛾𝑐ℎ(𝛾𝑋м)], [𝐻

−1 ∙ 𝑚−1]. 

Substituting the found values of 𝐴1 ÷ 𝐴4 into equations (9)-(11), we obtain the following: 

𝑄𝜇𝑥1 =
𝐹в𝑠ℎ(𝛾𝑥)

∆1
[𝑍𝜇0𝐶𝜇п𝑠ℎ(𝛾𝑥1) + 𝛾𝑐ℎ(𝛾𝑥1)],                 (21) 

𝑈𝜇𝑥1 =
𝛾𝐹в𝑠ℎ(𝛾𝑥)

𝐶𝜇п∆1
[𝑍𝜇0𝐶𝜇п𝑐ℎ(𝛾𝑥1) + 𝛾𝑠ℎ(𝛾𝑥1)],              (22) 

𝑄𝜇𝑥2 =
𝐹в

∆1
{𝑍𝜇0𝐶𝜇п𝑠ℎ[𝛾(𝑋м − 𝑥)] + 𝛾𝑐ℎ[𝛾(𝑋м − 𝑥)]}𝑠ℎ[(𝛾(𝑥 − 𝑥2)]), (23) 

𝑈𝜇𝑥2 =
𝐹в

𝐶𝜇п∆1
{𝑍𝜇0𝐶𝜇п𝑠ℎ[𝛾(𝑋м − 𝑥)] + 𝛾𝑐ℎ[𝛾(𝑋м − 𝑥)]}𝑐ℎ[(𝛾(𝑥 − 𝑥2)]).(24) 

Expressions for magnetic fluxes and magnetic voltages for the right side of the magnetic 

circuit can be obtained using the above method. They differ from the corresponding expressions 

(21)-(24) only in the coordinates x3 and x4 instead of x1 and x2, those: 

𝑄𝜇𝑥3 =
𝐹в𝑠ℎ(𝛾𝑥)

∆1
[𝑍𝜇0𝐶𝜇п𝑠ℎ(𝛾𝑥3) + 𝛾𝑐ℎ(𝛾𝑥3)],                 (25) 

𝑈𝜇𝑥3 =
𝛾𝐹в𝑠ℎ(𝛾𝑥)

𝐶𝜇п∆1
[𝑍𝜇0𝐶𝜇п𝑐ℎ(𝛾𝑥3) + 𝛾𝑠ℎ(𝛾𝑥3)],              (26) 

𝑄𝜇𝑥4 =
𝐹в

∆1
{𝑍𝜇0𝐶𝜇п𝑠ℎ[𝛾(𝑋м − 𝑥)] + 𝛾𝑐ℎ[𝛾(𝑋м − 𝑥)]}𝑠ℎ[(𝛾(𝑥 − 𝑥4)]), (27) 

𝑈𝜇𝑥4 =
𝐹в

𝐶𝜇п∆1
{𝑍𝜇0𝐶𝜇п𝑠ℎ[𝛾(𝑋м − 𝑥)] + 𝛾𝑐ℎ[𝛾(𝑋м − 𝑥)]}𝑐ℎ[(𝛾(𝑥 − 𝑥4)]).(28) 

The values of the working magnetic fluxes involved in creating the output electromotive 

force are found as: 

𝑄𝜇𝑥.р1 = 𝑄𝜇𝑥1=0 = 𝑄𝜇𝑥3=0 =
𝐹в𝛾𝑠ℎ(𝛾𝑥)

∆1
.                      (29) 
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The output electromotive force of the transformer angular displacement transducers under 

consideration, removed from the output terminals in series and according to the connected sections 

of the excitation winding, is defined as: 

�̇�вых.1 = 𝑗𝜔0,5𝑤вых(�̇�𝜇𝑥1=0 + �̇�𝜇𝑥3=0) = 𝑗𝜔𝑤вых𝐼э̇в𝑤в
𝛾𝑠ℎ(𝛾𝑥)

∆1
.     (30) 

If we take into account that 𝑥 =
𝑎

2𝜋
𝛼, expression (30) has the following form: 

�̇�вых.1 = 𝑗𝜔𝑤вых𝐼э̇в𝑤в
𝛾𝑠ℎ(

𝛾𝑎

2𝜋
𝛼)

∆1
.                         (31) 

Expressions (21)-(29) are mathematical models of the magnetic circuit, and expression (30) 

and (31) are mathematical models of the transformer angular displacement transducers under 

consideration, taking into account the distribution of the parameters of the magnetic resistance of 

the long rods of the O-shaped magnetic core and the magnetic capacitance between them for the 

case manufacturing a crescent-shaped open ring on which the excitation winding is wound, from 

an electrically insulating and non-magnetic material. 

Now we examine the magnetic circuit of the transformer angular displacement transducers 

under consideration for the case of manufacturing a crescent-shaped open ring in order to increase 

the sensitivity of the transducer made of ferromagnetic material. 

For this case, the differential equations and their solutions for sections with the 

corresponding coordinates x1 and x2 have the following form: 

𝑄𝜇𝑥1
′′ = 2𝑍𝜇п𝐶𝜇п𝑄𝜇𝑥1.         (6) 𝑄𝜇𝑥2

′′ = 2𝑍𝜇рп𝐶𝜇рп𝑄𝜇𝑥2.             (32) 

𝑄𝜇𝑥1 = 𝐴1𝑒
𝛾𝑥1 + 𝐴2𝑒

−𝛾𝑥1 ,                                          (33) 

𝑄𝜇𝑥2 = 𝐴3𝑒
𝛾р𝑥2 + 𝐴4𝑒

−𝛾р𝑥2 ,                                         (34) 

𝑈𝜇𝑥1 =
𝛾

𝐶𝜇п
𝐴1𝑒

𝛾𝑥1 −
𝛾

𝐶𝜇п
𝐴2𝑒

−𝛾𝑥1 ,                                 (35) 

𝑈𝜇𝑥2 = −
𝛾р

𝐶𝜇рп
𝐴3𝑒

𝛾р𝑥2 +
𝛾р

𝐶𝜇рп
𝐴4𝑒

−𝛾р𝑥2 .                         (36) 

here 𝑍𝜇рп =
1

𝜇𝜇0𝑏ℎр
, [𝐻−1 ∙ 𝑚−1], 𝐶𝜇рп = 𝜇0

𝑏

𝛿р
, [𝐻 ∙ 𝑚−1] – linear values, respectively, of the 

magnetic resistance of long rods and the magnetic capacity of the air gap δр between them, per 

unit length of the rods; hр=0,5(h+hс) and hс – respectively, the thickness of the magnetic circuit in 

the section of the magnetic circuit with coordinate x2 and the crescent-shaped open ring made of 

ferromagnetic material; δр – total air gap between the rods of the O-shaped magnetic core and the 

crescent-shaped ferromagnetic open ring (Fig. 2); 𝛾р = √2𝑍𝜇рп𝐶𝜇рп, [𝑚
−1]. 
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The boundary conditions for determining the integration constants 𝐴1 ÷ 𝐴4 do not change. 

Substituting the boundary values 𝑄𝜇𝑥1 , 𝑄𝜇𝑥2 and 𝑈𝜇𝑥1 , 𝑈𝜇𝑥2 into the corresponding equations (12)-

(15) we obtain the following system of algebraic equations: 

{
  
 

  
 (

𝛾

𝐶𝜇п
− 𝑍𝜇0)𝐴1 − (

𝛾

𝐶𝜇п
+ 𝑍𝜇0)𝐴2 = 0,     

𝐴1𝑒
𝛾(𝑋м−𝑥) + 𝐴2𝑒

−𝛾(𝑋м−𝑥) − 𝐴3 − 𝐴4 = 0,
𝛾

𝐶𝜇п
𝐴1𝑒

𝛾(𝑋м−𝑥) −
𝛾

𝐶𝜇п
𝐴2𝑒

−𝛾(𝑋м−𝑥) −
𝛾р

𝐶𝜇рп
𝐴3 +

𝛾р

𝐶𝜇рп
𝐴4 = 𝐹в,̇

𝐴3𝑒
𝛾р𝑥 + 𝐴4𝑒

−𝛾р𝑥 = 0.

        (37). 

Solving the resulting system of algebraic equations (37) for the unknowns 𝐴1 ÷ 𝐴4, we find 

their following values: 

𝐴1 =
𝐹қ(𝛾 + 𝑍𝜇0𝐶𝜇п)𝑠ℎ(𝛾𝑝𝑥)

∆2
,                                    (38) 

𝐴2 =
𝐹қ(𝛾 − 𝑍𝜇0𝐶𝜇п)𝑠ℎ(𝛾𝑝𝑥)

∆2
,                                   (39) 

𝐴3 = −
𝐹қ[𝑐ℎ(𝛾𝑝𝑥) − 𝑠ℎ(𝛾𝑝𝑥)]{𝑍𝜇0𝐶𝜇п𝑠ℎ[𝛾(𝑋м − 𝑥)] + 𝛾𝑐ℎ[𝛾(𝑋м − 𝑥)]}

∆2
, (40) 

𝐴4 =
𝐹қ[𝑐ℎ(𝛾𝑝𝑥) + 𝑠ℎ(𝛾𝑝𝑥)]{𝑍𝜇0𝐶𝜇п𝑠ℎ[𝛾(𝑋м − 𝑥)] + 𝛾𝑐ℎ[𝛾(𝑋м − 𝑥)]}

∆2
, (41) 

where ∆2= −
2

𝐶𝜇п𝐶𝜇𝑝п
{𝛾𝛾𝑝𝐶𝜇п𝑐ℎ(𝛾𝑝𝑥)𝑐ℎ[𝛾(𝑋м − 𝑥)] + 

+𝛾2𝐶𝜇𝑝п𝑠ℎ(𝛾𝑝𝑥)𝑠ℎ[𝛾(𝑋м − 𝑥)] + 𝛾𝑝𝑍𝜇0𝐶𝜇п
2 𝑐ℎ(𝛾𝑝𝑥)𝑠ℎ[𝛾(𝑋м − 𝑥)] + 

+𝛾𝑍𝜇0𝐶𝜇п𝐶𝜇𝑝п𝑠ℎ(𝛾𝑝𝑥)𝑐ℎ[𝛾(𝑋м − 𝑥)]}. 

Substituting the found values of 𝐴1 ÷ 𝐴4 into equations (33)-(36), we obtain the following: 

𝑄𝜇𝑥1 =
𝐹қ𝑠ℎ(𝛾𝑝𝑥)

∆2
[𝑍𝜇0𝐶𝜇п𝑠ℎ(𝛾𝑥1) + 𝛾𝑐ℎ(𝛾𝑥1)],              (42) 

𝑈𝜇𝑥1 =
𝛾𝐹қ𝑠ℎ(𝛾𝑝𝑥)

𝐶𝜇п∆2
[𝑍𝜇0𝐶𝜇п𝑐ℎ(𝛾𝑥1) + 𝛾𝑠ℎ(𝛾𝑥1)],            (43) 

𝑄𝜇𝑥2 =
𝐹қ
∆2
{𝑍𝜇0𝐶𝜇п𝑠ℎ[𝛾(𝑋м − 𝑥)] + 𝛾𝑐ℎ[𝛾(𝑋м − 𝑥)]}𝑠ℎ[𝛾𝑝(𝑥 − 𝑥2)], (44) 

𝑈𝜇𝑥2 =
𝛾𝑝𝐹қ

𝐶𝜇п∆2
{𝑍𝜇0𝐶𝜇п𝑠ℎ[𝛾(𝑋м − 𝑥)] + 𝛾𝑐ℎ[𝛾(𝑋м − 𝑥)]}сℎ[𝛾𝑝(𝑥 − 𝑥2)].     (45) 

It should be noted that when 𝛾𝑝 = 𝛾 and 𝐶𝜇𝑝п = 𝐶𝜇п, those if the value of the relative 

magnetic permeability of the crescent-shaped open ring on which the excitation winding is wound 
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is equal to the value of the relative magnetic permeability of air, equations (42)-(45) go to the 

corresponding equations (21)-(24), which shows the correctness of the obtained expressions. 

Expressions for magnetic fluxes and magnetic stresses for the right side of the magnetic 

circuit can be obtained from the corresponding expressions (42)-(45) by replacing the coordinates 

x1 and x2 with x3 and x4. 

The values of the working magnetic fluxes involved in creating the output electromotive 

force are found as: 

𝑄𝜇𝑥.р2 = 𝑄𝜇𝑥1=0 = 𝑄𝜇𝑥3=0 =
𝐹в𝛾𝑠ℎ(𝛾𝑝𝑥)

∆2
.                      (46) 

The output electromotive force of the transformer angular displacement transducers under 

consideration, removed from the output terminals in series and according to the connected sections 

of the excitation winding, is defined as: 

�̇�вых.2 = 𝑗𝜔0,5𝑤вых(�̇�𝜇𝑥1=0 + �̇�𝜇𝑥3=0) = 𝑗𝜔𝑤вых𝐼э̇в𝑤в
𝛾𝑠ℎ(

𝛾𝑝𝑎

2𝜋
𝛼)

∆2
. (47) 

Expressions (42)-(46) are mathematical models of a magnetic circuit, and expression (47) is 

a mathematical model of the transformer angular displacement transducers under consideration, 

taking into account the distribution of the parameters of the magnetic resistance of the long rods 

of the O-shaped magnetic core and the magnetic capacitance between them for the case of 

manufacturing a sickle-shaped open ring , on which the excitation winding is wound, made of 

ferromagnetic material. 

To construct curves of the dependence of working magnetic fluxes on the coordinates of the 

moving part α based on analytical expressions (29) and (46), we proceed to their relative units: 

𝑄𝜇р1
∗ =

𝑄𝜇𝑥.р1

𝑄𝜇𝑥.р1.𝑚𝑎𝑥
=

𝑄𝜇𝑥.р1

𝐹в𝐶𝜇п𝑋м
=
𝑠ℎ(𝛽𝑥∗)

∆1
∗ ,                          (48) 

𝑄𝜇р2
∗ =

𝑄𝜇𝑥.р2

𝑄𝜇𝑥.р2.𝑚𝑎𝑥
=

𝑄𝜇𝑥.р2

𝐹в𝐶𝜇рп𝑋м
=
𝑠ℎ(𝛽р𝑥

∗)

∆2
∗ ,                          (49) 

where ∆1
∗= 𝑍𝜇0𝐶𝜇п𝑋м𝑠ℎ𝛽 + 𝛽𝑐ℎ𝛽, [−];∆2

∗= 𝛽р𝑐ℎ(𝛽р𝑥
∗)𝑐ℎ[𝛽(1 − 𝑥∗)]+ 

+𝛽
𝐶𝜇рп

𝐶𝜇п
𝑠ℎ(𝛽р𝑥

∗)𝑠ℎ[𝛽(1 − 𝑥∗)] +
𝛽р

𝛽
𝑍𝜇0𝐶𝜇п𝑋м𝑐ℎ(𝛽р𝑥

∗)𝑠ℎ[𝛽(1 − 𝑥∗)] + 

+𝑍𝜇0𝐶𝜇рп𝑋м𝑠ℎ(𝛽р𝑥
∗)𝑐ℎ[𝛽(1 − 𝑥∗)], [−]; 𝑄𝜇𝑥.р1.𝑚𝑎𝑥 = 𝐹в𝐶𝜇п𝑋м;𝑄𝜇𝑥.р2.𝑚𝑎𝑥 = 𝐹в𝐶𝜇рп𝑋м – 

the maximum possible values of working magnetic fluxes for the cases under consideration; 𝛽 =

𝛾𝑋м, [−]; 𝛽р = 𝛾𝑝𝑋м, [−];  𝑥
∗ = 𝑥 𝑋м⁄ . Since 𝑥 =

𝑎

2𝜋
𝛼, then 𝑥∗ =

𝑎𝛼м

2𝜋𝑋м
𝛼∗. 
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The dependence curves 𝑄𝜇р1
∗ = 𝑓(𝛼∗) and 𝑄𝜇р2

∗ = 𝑓(𝛼∗) in accordance with (48) and (49) 

were plotted for the following design and magnetic parameters of the magnetic circuits under 

study: 𝑋м = 0,1 𝑚; 𝛼м = 355
0; 𝑎 ≈ 𝑋м = 0,1 𝑚; 𝑏 = 0,02 𝑚; ℎ = 0,01 𝑚; 𝛿 = 0,01 𝑚; 𝛿р.1 =

10−3 𝑚;𝛿р.2 = 2 ∙ 10−3 𝑚; 𝛿р.3 = 3 ∙ 10
−3 𝑚; 𝜇 = 103.  

Let us evaluate the degree of linearity of the dependence of the working magnetic flux on 

the movement of the moving part of transformer angular displacement transducers. To do this, we 

use the most practical method for determining the degree of nonlinearity of the characteristics of 

measuring transducers, proposed by prof. Zaripov M.F. [3]. 

If the characteristic is studied in one (first) quadrant, then the value of the degree of 

nonlinearity is determined by this following expression: 

𝜀 =
𝑓(𝑥𝑘) −

𝑓(𝑋м)
𝑋м

𝑥𝑘

𝑓(𝑋м)
∙ 100 %,                                 (50) 

here xk is found as the roots of the equation 
𝑑[𝑓(𝑥)]

𝑑𝑥
=

𝑓(𝑋м)

𝑋м
. For function (29) we obtain the 

following value xk: 

𝑥𝑘 = 𝛾−1𝐴𝑟𝑐ℎ(𝑠ℎ𝛽)𝛽−1.                                        (51) 

Substituting (51) into (50), we obtain the following value of the degree of nonlinearity of the 

dependence 𝑄𝜇𝑥.р1 = 𝑓(𝑥) for the case when the crescent-shaped open ring on which the 

excitation winding is wound is made of electrically insulating non-magnetic material: 

𝜀1 = {𝑠ℎ[𝐴𝑟𝑐ℎ[(𝑠ℎ𝛽)𝛽−1]](𝑠ℎ𝛽)−1 − 𝛽−1[𝐴𝑟𝑐ℎ(𝑠ℎ𝛽)𝛽−1]} ∙ 100 %.      (52) 

To determine the degree of nonlinearity of the dependence 𝑄𝜇𝑥.р2 = 𝑓(𝑥) for the case when 

the crescent-shaped open ring on which the excitation winding is wound is made of electrically 

insulating ferromagnetic material. Taking into account 𝛽р ≫ 𝛽 we will assume that ∆2= 𝑐𝑜𝑛𝑠𝑡. 

Then for this case expression (52) will take the following form: 

𝜀2 = {𝑠ℎ[𝐴𝑟𝑐ℎ(𝑠ℎ𝛽р)𝛽р
−1](𝑠ℎ𝛽р)

−1
− 𝛽р

−1[𝐴𝑟𝑐ℎ(𝑠ℎ𝛽р)𝛽р
−1]} ∙ 100 %.   (52) 
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а) b) 

Fig.4. Dependence curves 𝑄𝜇р1
∗ = 𝑓(𝛼∗) and 𝑄𝜇р2

∗ = 𝑓(𝛼∗) for different values of β and 

βр for the cases of making a crescent-shaped open ring from electrically insulating non-

magnetic (a) and magnetic (b) materials  

At 𝛽 = 0,45, the degree of nonlinearity is 𝜀1 = 2,72%, and at 𝛽р = 1,41 it is 𝜀2 = 12,1% . 

Analysis of the curves 𝑄𝜇р1
∗ = 𝑓(𝛼∗) and 𝑄𝜇р2

∗ = 𝑓(𝛼∗) (Fig. 4) shows that with an increase 

in the attenuation coefficient of the magnetic field in the magnetic circuit, the working magnetic 

fluxes at the base of the O-shaped magnetic circuit decrease , and the degree of nonlinearity in the 

dependence of these flows on the movement of the moving part of the converter increases. In 

transformer angular displacement transducers with a crescent-shaped open ring made of 

ferromagnetic material, with an increase in the 𝛽р 𝛽⁄  ratio, the operating magnetic flux and the 

degree of nonlinearity in the dependence of this flux on the movement of the moving part of the 

transducer sharply increases. 

Conclusion. Thus, in the article, the magnetic circuit of a transformer angular displacement 

transducer with a variable active area of the excitation winding is considered as a magnetic circuit 

with distributed parameters, in which the width of the excitation coil is a function of the angular 

displacement of the controlled object. Mathematical models of this converter have been developed 

taking into account the distribution of the parameters of the magnetic resistance of long 

ferromagnetic rods and the magnetic capacitance between them, as well as the magnetic 

capacitance between these rods and the movable sickle-shaped open ring. Research has established 
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that with an increase in the attenuation coefficient of the magnetic field in the magnetic circuit, the 

operating magnetic fluxes decrease, and the degree of nonlinearity in the dependence of these 

fluxes on the angular movement of the moving part of the converter increases. It is shown that 

these properties are especially pronounced in transformer angular displacement transducers with 

a variable active area of the excitation winding and with a ferromagnetic crescent-shaped open 

ring. 
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